Let C be a bounded linear operator which is not necessarily injective. The following statements are proved: (1) hermitian C-semigroups are infinitely differentiable in operator norm on (0, oo ); (2) 
cosine operator functions (to be called C 0 -cosine functions in this paper) [4, 15] , which correspond to the special case C=7.
A C-semigroup S( •) is said to be hermitian if for each t > 0, the operator
S(t) has numerical range V(S(t)):={f(S(t))ifeB(X)*,
\\f\\ =f(!)=!} contained in the real line R, or equivalently, if ||exp(w-5(0)|| = 1 for all ,se !? [!] . If furthermore V(S(f)) a [0, oo) for all £>0, S(-) is said to be positive [11] . Hermitian and positive C-cosine functions are similarly defined [12] . It is well-known that the numerical range V(T) of a hermitian operator T is equal to the closed convex hull of its spectrum, and its norm and spectral radius are equal (cf. [1] , §26).
S( •) (or C( •)
) is said to be nondegenemte if S(f)x = 0 (or C(t)x = 0) for all t > 0 implies x = Q. In order S(-) (or C(-)) to be nondegenerate it is necessary and sufficient that C is injective.
When a C-semigroup or C-cosine function is nondegenerate, its generator is well-defined. But, when C is not injective, there is no way to define a generator for it.
In [11] and [12] , we have discussed some interesting properties of hermitian and positive C-semigroups and C-cosine functions. Those nondegenerate ones are especially investigated through examination of their generators. In particular, from Theorems 2.7 and 3.1 of [11] and Theorem 3.2 of [12] we can observe the following properties: (1) Every nondegenerate hermitian C-semigroup is infinitely differentiable in operator norm on (0, oo); (2) Every nondegenerate positive C-semigroup which dominates C is infinitely differentiable in operator norm on [0, oo); (3) Every nondegenerate positive C-cosine function is infinitely differentiable in operator norm on [0, oo). Are the above statements (l}-(3) still true if one deletes the word "nondegenerate" (i.e., if C is not injective)? In this paper, we shall answer the question affirmatively. They will be proved in Theorems 2.4, 2.5, and 3.3, respectively.
The following are some illustrative examples. The positive Co-semigroup S^'), defined by S^f)*:=(*""'*") (x = Mel 2 , >^0), satisfies 0<$!(/)</ for all t>Q, and hence, by (1) , is infinitely differentiable in operator norm on (0, oo). But it is not norm continuous at 0 because its generator A, defined as Ax\=( -nx n ) with natural domain, is unbounded. On the other hand, Theorem 2.5 asserts that the degenerate positive C-semigroup S 2 (-) (1) also hold for hermitian C-cosine functions? The answer is "No". There are hermitian C 0 -cosine functions which are not norm continuous at any t>Q. For example, the function C(-), defined by C(t)x:=(cos(nt)x n ) (xel 2 ) for £>0, is a hermitian C 0 -cosine function on / 2 . Since its generator A, defined as Ax:=( -n 2 x n ) with natural domain, is unbounded, C( • ) is not norm continuous at 0, which implies that it is not norm continuous at any r>0. This is due to the fact that the norm continuity of a C 0 -cosine function at any single point t>Q implies its norm continuity on [0, oo). In fact, from the identities C(2t + h) = 2C(t + h/2) 2 
-I and C(h) = 2C(t)C(t + h) -C(2t + h)
we easily infer the norm continuity first at It, and then at 0, and finally on the whole half line [0, oo) (cf. [8] ). Does a C-cosine function (with C+T) share the property that the norm continuity at a single point t>0 implies the same on [0, oo)? In Theorem 3.3, we shall prove this phenomenon for hermitian C-cosine functions. The answer of this question for general non-hermitian C-cosine functions is not clear yet.
§2. C-Semigroups
In this section, we discuss differentiability of hermitian and positive C-semigroups. We need the following elementary lemma [ 
-» [F(t + k) -F(t)J4>) ~ \.F + h = A-' (F'( S )-F'(t))d S Jt m <2 S up{\\F'( S )-F'(t)\\ m ;\ S -t\<\k\}-+Q uniformly in t on [a,&] as |&|-»0. Therefore {h~1\_f(-+h)-/( -)]}|f,|->o ' s a
Cauchy net in C([0, b] ; A), which implies that / is differentiable and, as a uniform limit of continuous functions, the derivative /' is continuous on [a,b] . Since the space of all hermitian elements of A is closed, /'(O is hermitian for all
We are ready to prove the following main results of this section.
Theorem 2.4. If S( • ) is a hermitian C-semigroup, then S( • ) is infinitely differentiable in operator norm on (0, oo) and S (n \t) is hermitian for all t>Q and n>\.
Proof. Let A be the unital Banach algebra generated by S( • ) and C and let m s( . } be its state space. We set O = m' S( . } := {<£ e m s( . } ; (/)($( • )) ^ 0} and define Similarly, we can deduce from Proposition 2.2(ii) and Lemma 2.3 the next theorem.
,t>Q and Since S( • ) is hermitian, C is hermitian and each F[i) is real-valued. For each 0eQ, applying Lemma 2.1 to the function f^(t)\=^>(S(fj)l^>(C\

Theorem 2.5. If S(-) is a C-semigroup such that S(t)>C>Q 9 then S(-) is infinitely differentiable in operator norm on [0, oo) and S (n \t) is positive for all r>0 and n>\. §3. C-Cosine Functions
This section is concerned with differentiability of hermitian and positive C-cosine functions. 
Lemma 3.1. ([12, Lemma 2.1]) Let g: [0, oo) -> C be a continuous function satisfying 2g(t)g(s) = g(t + s) + g(\t -s\) for t,s>Q. Then (i) either g = § or there is an aeC such that g(t) = cosh(at) for all
F(t)(w) := cosh(q(w)t)p(w)( = cos(iq(w)t)p(w)), w e O and t > 0, is well-defined (in particular, p e B(Q)). Then (i) If q(Q) c iR and F(-) is continuous at some t Q > 0, then F is continuous on [0,oo). (ii) IfqeB(Q), then F[-) is infinitely differentiable on [0, oo). (iii) If q(D) cz R and p>Q (resp. p<0), then F(-) is infinitely differentiable on
[0, oo ) and 
\cosh(q(w)t)p(w) -cosh(q(w)t 0 )p(w)\ \p(w)\ -\\f[t)-F[t 0 )\\ a^-' 82-8^=62.
G(t)(w):=cos(iq(w)t),
\F(t)(w) -F(s)(w)\ = \cos(iq(w)t)p(w) -cos(iq(w)s)p(w)\ <\G(t)(w)-G(s)(w)\-\\p\\ Q
for all weO 0 , and for all w e Q\Q 0 . Therefore F is continuous at s. •p(w)
Now, since for each /i = l,2,-», q 2n peB(&\ G n (t)eB(£l) for all r>0, and Proof. Let A be the unital Banach algebra generated by C( • ) and C and let m c(>) be its state space. We set O:=mc ( .) and define Proof. It follows from Lemma 3.1(iii) that [F(0](</>) = cosh(a^)0(C) for all £>0 and 0emc(.) and some a^eJ?. Thus we obtain from Proposition 3.2(iii) that F(-) is infinitely differentiate and G (n) (r)>0 for all ?>0 and « = 0, 1, ••-. Therefore, by Lemma 2.3, C(-) is infinitely differentiable and C (n) (t)>0 for all f>0 and /i = 0,l,-». This completes the proof.
